Introduction
We consider the non-explosivity of birth and death processes conditioned not to become extinct. As is often the case with problems involving weak convergence of conditioned processes, it is convenient to consider separate cases depending on whether or not the unconditioned process exhibits quasi-stationary behaviour.
Although it is easy to write down expressions for the limiting process's transition probabilities in terms of an implicitly defined eigenvalue, it is difficult to obtain more explicit expressions. Therefore Section 5 is devoted to characterizations of the absorption decay rate and its corresponding eigenvector, which (together with the transition semigroup of the unconditioned process) describe the dynamics of the conditioned processes.
Many of the techniques used here exploit stochastic monotonicity properties which are unique to birth and death processes. However, some of the results we show can be generalized at least to countable state space Markov processes with each state having only finitely many neighbours.
The theory of quasi-stationarity for birth and death processes given in van Doorn (1991) is essential to our approach.
Preliminaries and main results
Let X be a time-homogeneous, non-explosive birth and death process on 7Z+, with up rates 2i, down rates pi, all assumed to be non-zero for i E N. Suppose that 0 is absorbing, so that A = o= 0. Let {P~j(t), i, j E Z+, t > 0} denote the transition probabilities, Pij(t)= P [X,=j I Xo= i]. and that a limiting time-homogeneous sub-semigroup P" given by (2.2) P, = lim P7 (t)
exists Vi, jE , t O0. However the proof allowed the possibility that P" might be defective, corresponding to explosivity of the limit. Defining X" to be a process constructed according to the probabilities P", we shall show (Theorem 3) that, in fact, X" is always non-explosive. We need to be precise about what we mean by quasi-stationarity.
Definition. If for some i E N,

Pi.(t) t -.' xi(t)
which is a non-defective probability measure, then we say that 6b exists, and is the limiting quasi-stationary distribution. Since the non-existence of 6, will play a major role in our approach, we begin with a preliminary result which uses stochastic monotonicity properties of birth and death processes.
Remarks
Recall (Roberts 1991 ) that a sub-semigroup P is strongly stochastically monotone if, for all possible choices of il < i2, P,2 (t)/Pi,j(t) is a non-decreasing function of j Vt > 0. It is well known that birth and death processes are ( 
2(i) f2)2 (i)gl(i) Pfl 2(i) f2(igl(i).
Now, setting fl(i) = I,(i), f2(i)= Pli(t2
-t1), gl(i)= Pij, (t), g2(i)= Pij2 (t) (with j, j2), the conditions for the inequality follow easily from strong stochastic monotonicity, so that, applying the FKG inequality above, we obtain:
for j, j2. If we set j, = 1 and sum over j2 ? 1 we obtain Pll(tl)XI(t2) ? Pl1(t2)x1(t1), which rearranges to give the desired inequality.
Proof of Theorem 2. The equivalence of (ii) and (iii) is Theorem 1, and clearly (ii) implies (i). We shall therefore complete the proof by showing that (i) implies (iii).
Let Q be the Z+ x Z+ Q-matrix for X. Then, since Q is non-explosive, P satisfies the (i) XT has time-dependent rates given by
2T(t) = 2; xi+,(T-t)/x, (T-t), pfr(t)= pixil(Tt)/x; (T-t).
(ii) The 2T(t) (respectively pr (t) are non-decreasing (respectively non-increasing) asfunctions of T, and converge to finite non-zero time-homogeneous limits, ~i" (respectively p7). 
Proof. x(t) satisfies the backward equation dx(t) Ox(t)-dt
i.e.
dx(t) (4.3) A, x, _ (t) + A, xi ,+(t) -(, + A,)x, (t) -, i 1. dt
Therefore from (3.1) and (4.3) we obtain, Remark. We have shown that P is an a-eigenvector of Q. Of course general theory (see, for example, Theorem 2 of Pollett (1986)) does not guarantee that P is a-invariant for P, which would then permit the application of Theorem 5. However, we can immediately prove the following result. 
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